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] AN
the book. \\\ )
[ am also grateful to Shri Dja@:\ai: Krishna B, Se,
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Spherical Harmonics

FIRST LECTURE
Integration in Series, Legendre’s Equstion, P; (x), Q. (x)..
To illusirate integration in series iet ug take the differen-
iz2 1 equat.ion N,

(1— 3) --Qx—y Fr{r+1) g==0....c.(d) A

This equatu%n is known as Legendre’s equa.tlom\ It can
P integrated in series of ascending or descenditig® powers of
‘The solution in descending powers of & i§’more important
han the one in ascending powers. To ﬁnd}t out let us take

EE) .
= i1 RS
7 ?"EO e F o\ Ywww.dbraulibrary org.in

«ad
S g

d o "
hen a_g= S ar (k—r) %-r—l

r==0 N
d2y <3 \\ '
= 3 e (r)ker—1) gh-r-2
=00
Substity t.u{g\in {4) we get
e NO
I“xsi(k—r)(k-r-—l) Th—r-2 o Y frumey} gkt
7'—:—
O
C‘. +n(n41)2E7] g, =0

ri [(k——x)(!c—-r--li gh~r-2 +{n(n+1)——(k-—~r}{k—r+1)}

&=l gy 280 .........(B)
Now (B being an identity we can equate’ to zero the
vients of various powers of g,




L . 1
Equating to zero the coeflicient of the highest power of
x that is of x* we have
ay {n(nﬁ+ N —k(k41)}=0.

Now “a, 5= 0748 it is the coefficient of the term wit
which we begin to write the series, hence

N
(B4 1) k(b 1)} =0.0e e (O) O\
or  (n—k) (nFE41)==0"r. sur cnr...{0) O
Thie gives the value of & either as ..'(”}"
k=n, or as ke==-p1_, (D~}\\

Eguating to zero the coefficient of t.k\ e\next lower power
of » that is of -1 in (B) we get \x

a; {n(n+1)— (k— )E}20"

Now {a(n+1j—(b~1)k} == 0¢ by”vutue of (D) henee
W dbrau&lb.l.qy‘y orgin :;'_’ (E).

Equatmg to zero wtha coefficient of the general term
namely that invohﬁﬁg %E-T in (B) we got

(- 2) {3y Vg +{m (8 + 1) — (b—r)(k—7 +1)}ja; =0 |
or g A _th—rt2){k-r1)
& (n—kdri{nt+k—~r41)}
qults (D) and {F) are important, The former determineq
the \ndex and the latter gives the relation between the coeffi
Qlents 8B, Combmmg both these
\ )™ g e [n—r+£}(n—r+l}
T v @e—rrl)
when k=n and
=1y
{zn+l+?’jlf} ar'-'2 e v --.'!_ . 0.00 L asw (H) H
when b=—p—1 :

G2 v wee aaa wae (F);

Brog e e e (6)

.}-{:" id i_;._m s 4..,9‘._ 4

- " B I -



¢ 3

Now, a, beiug zero from (E), we see from (F) . that ay,
By eueone oo ess A2phlsreevasanssneses are all zeroes, and a,, L TORRO
oy +er..... AN be found out in terms of a, which !S an
arbitrary conatant

Taking & =n and the values of coefficients as determined {

o ; £ ‘\

from (&) and substituting in y== ¥ @, 25T woget (™
r=0 « N

nin—1) S ...f

7. Zn—1) R
nin—T1}n— 2){n—3} '

y=dy [x“-—

a—4 e
+2 .4 (2a—1){2r-3) ¥ +;I\\.”"] ;a}
ag one solution. A\
Taking k=—n—1 and 1he,;v.a.’ll.1es of coefficients as

determined from (H) we get »ﬁ "
(n+ l}(n-i— \2) www dbraulibrary.org.in
y=n-8
2. ("ﬂ-{-&)

fn+11fn+2}6n+3){n+4) PR )
+E By S B

as the other solut;an of our differential equation where a, in
both cases 1g\an arbitrary constant.

ymao [ x4

1.3.5...{2n—1
Wﬁlj{{u& positive integer and au=—u.——-|:-£—{—ﬁ-- h s
thf‘ Sbliltion {«) is called 2, {x).

) P {x} is a terminating ser:ea a.nd glves wbat are called
Legen dre’s Polynomials.

With n a positive integer and a,= ™3 SL—’E CITNY
B3 B (20

the solution (B) is called @, {x) and gives what are known as
Legendre’s funstions of the second kind.




We have thus

1.3 .5...{2n—~1)[xn -n.(g—l}
Ln 2. (2n—1)

a{n—1){n—2)n—3)
3. 4. (20—1)(3n—3}

Qo fx)= L= - +(ﬂ+11fn+2)

-2

P, (¥)=

+

1.3, 5...(2n41) - (Zn-3)C X

{(n+1){n+2)(n+3)(n+-4 -n_js_l_}_;___._i_
2.4. (2r+3}{2n+5) (O '
The most general solution of the Legendrels equation is

y=AP, (x)+ B, (x) where A 9{@ B are arh
Gﬂnﬂtaﬂtﬂ \s

-+

dn the Jnext few lectures wey shbl] be more concernec
ﬁndmg out various propertles, various series and v

integrals for P, (v). N
www dbraulibrar ¥.0rg. m. A\

et Mg

Work for the next day.

1. Witrht\e help of lecture notes, write in fair han
lecturs of, jgrday

2. j\;Sliow that
:"\:‘. B 3}"2_1
.\'QED (h}=1, Py {B)=p,, Py (p)= 5

3_
Py (w3

3. Show that
Pn"—*l".):“—“(_'_l PPy (1) -



SECOND LECTURE

Generating function for P, (W); P, (1)=1;
Redrigue’s formula.

2, Pa (W) is the coefficient of A% in the expa.nmoh of

(1—2phh2 ) RS
Now (1—2Wh+ht) "% = {1-hop—npiTh
=14 3R(20 —h) +._ h* (2 — k}‘+>;/

\\
1.3 w2n—1 N
— 2 .kw ~hy +

for sufficiently amall value of. 2 dbraulibrary.org.in

-+

The coefficient of kﬂ in this expansioa is

Q
1.3.5..20—1 > 1.3.5. 2u 3
2.4.6.'_25—'(@

A\ 2.4..20—
1.3.5..38>5 4 n-2
L. guekn—4 4{2*”n T
> 1.3.5...28=7
N\& v 3. - - -
N TEa b z: g (B0 20t L.
"..\ L] .
W Cor LB Betamly 0 a=D) L,
\;:b’ [ | » 2. @2a=1)"

n{r—1)(n -2 {n—3)po~4
2.2.1.2 (Zn—-l}(zﬂ—3}

283 lzn-nwn——su%-—s)

\\

(2 P,)n—?. n—lcl

O\



0 Le3.6- 1){ _ min—b)

Lf_ 2. {2n~—1)

n[ﬂ-——l}(n-—-21 {(n—3)
L (Ca—1)(2n— 3}

n(n-—l)(u—2)(n—~3){n—41{n 5] pa +}

2.4.6 (Zn—1)(tn —3){2n— e
This is Py (1) A,}‘ »
Thus 3 AvP () ={1—2h +4%) \ ~~:\

n=0
AN
3. F¥rom the last article Py (1} ia'\tﬁé coefficient of A® |

1Y
Ky .
or in the exlga.usron of {1— }1}"’
www.dbraulibrary .org.in W

or i I-+A4-R4 ... RO,

This eoefﬁcienh m\}

hence Py() \1\

This m&tjrstmguishir.-g property of Legendre’s polynomia

the expansion of (1—2k+1.%)

41..\‘R&i{rigue’s formula.
\L t us form 2 differential equation in y it being give
.”\‘that_ y=(p*—1}n

n\;“; d
\ Now a—%:n{ ”——l)“."l(m&)

or {*— ! —2mty )

Differentiating (1} (n+1) times by Lebnitz’s theorem



¢ 7

(=) o, n gt Ft rc )T Y

— 2"['udpa“+1 + o410 1‘;};’
or w—n%ﬁt—wn e —nlu+ 1) T =0 &
o e—1) Sh42n X —nat1)Z=0. “z.(giil\'
where Z = in;:. m'\\
Now (2} is Legendre’s equation \zs\

1t is satisfied by CZ where C is &‘éoﬁatant

)‘,

Thus 0Z or U -—; s a aqhﬂwu of Legeadre’s equahon

~ ”' wwrw.dbr aullbral y org.in
and this will be Py{ W) 1F"Q —— _._1 when fv=

0\'

\\
or ifC (d )(sz 1)p==1 whenp=1.

Conmdéﬂng (,u-’—-l}ﬂ as (p—1)8(w 41" and differentiatiog
" tlme\’b}r Lebnitz's theorem and then putting =1 we get

..... znl_ "
\

V' With this valae of C, CZ is Py (W)

2 _ljn—=
or ﬁ_“(w) (B2 —1)p=Pyi ).
This is Rodrigue’s Formula.



/
2. Work for the pext day.
1. Integrate the hypergeometric equation
dﬂ

2 (1~2) 53+ (1—(a+p+1s) L —apy=0
in series of ascending powers of ¥ and show that the compled
Primitive is. "\tx

4 Fla, B, 7, 2) +Bat- Flat+i—v, f+1—~7, gw:,

where 4 and B are arbitrary constanta and Fa(‘a:‘ B. v,
standa for the geries.

aﬁ ala+)) BB+ . ~‘{?>
Tyt Toeveen ° O
x:\./

af{a+1)a+2) B (B+1)+D)
* 1.2.37v (y+1(y+g}~ o T S

2. Bhow that sz-l“l (0):0’0'&

S 1.8, 5. 2m1
and P 0 .--1 LR Ve e
www.dbraulibrary. 31%' l(n)gi - 2.4.6....2m

Q
O
\\

\¢

ON — o — —



THIRD LECTURE ‘
| Various trigonometrical series fol; Pu (2} 1-

B. Py (cos ) as n series in cosines of multiples of .

We know from Art 2 ."\"f.l\"\
L) % ;‘:‘. N/
E ho Py (cos #)=(1—=2 coa § A+A%) A b

. »‘\\L !
_{ L—( e ey f&z} 3
:(1__8"‘91;, )"5(1#3""3!@ )" e e AL

Now. (l--efeh ) ‘-1+§ é k2

\\ W W, dbraullbral "y.org.in

[2%-—-1] RO

1 3 2:'3

_ 1.3.50
L T

Sh6om . + . w
iy N~} —i9, 1.3  —2f,,
(l"“:'j.“:bk )T ST g T
NC
x\ 1.3.5...02n~1) —nif,
\+ S I e

Thakoafﬁmens of A®

BXP&‘ESIODS is,
.\ 9

VL ben iy iy

' 2% i(n—2)6
+2n—l ¢

in the product of the above two

+ s-—i{u—2)9> ' %

D0 (20w 2) (gi(n———4}6‘ ';_a{,,, 419)2 = ]

(2rn—1){2n—3)



( 10 )

1.3.5.
or 3 1.6, [2003 {né} + . 2 cos (n—3
”{ﬂ-—l} . :
+(2ﬂ-—l}(2n._3, 1.2 2. cos (ﬂ.—4)9
L ar—1)n—2)1.3.5
FEn—g)Ea—d@n—s) 1.45.3%" cos(n-—s)f .!.\
Nows
By equating coefficienta of ko on both sides of¢ ar -
wo have (M“
1.3.5., 2!3 1. n
P.loos )= "1 & 9 1,
( cos ) 5 d [ cos ﬂa.pb i
,x’,\\“‘ o8 (n—
1.3.n(n-1) o~V
2 * _"'—._
t .2 {2'3‘—‘1}(2?@ 3} o8 (n—d4)g

Q_ 5 n{n-—l]{ﬂ—-2]
+2.15. 3 (2;!'—1){21;—»3)(21& “5) %05 (n—6]

www.dbraulibrary.org.in

6. (1—-2 egéf;"’ﬂhﬁ )"*:{(1—&)‘-4_4;; sinz.g}—

K )

— s =

4h ain —1

14- .-

s e —

1 £
2
f‘ T

‘e"rJ

=
’\\~

N 1 b 1.3.5..2r—1 2.2 gigzx &
S AT P v 2

(1—

{l—Rpr¥1
Equating coefficient of A% on both sides,

n(.m 9)=1 + 2 (— 1_.3__._5__2’"_—_r ¢
r=1 b Lr zs _."2__

{ 2r+ ll{2r+2l..... £2r+1l-tp-r—1)

Ll



g 1.8.5.9%—1 | »tr
1+ ril{_'l]! -L_" - L.‘Z_f' LH:". X
9r gin2r %
=14 5 (-—-1). T (n—r+1)n—r42)... (n-}-r)x
Frlr
re=] \\
smﬂk\g
_pnED) rn—nnnn+nm+§1\a ’
LT L 2 L2 L2
f”_:.?l(?t_‘_)_‘_"‘?.)(”*”‘”+2"”+?L(\“ 5%

L3 13

=F(n+l, wn, 1, 8in® -2#),“ '

Putting ¢4 for g and rep;éiﬁbering that Py(—p)={(—I)"
P, (1), we seo that : “§ Www.dbraulibrary.org.in

74\

Py (cos 3}:—[—1)?{,{ }-i-] -n, 1, cos® j_\i.

ank for the next day. lll
1. Show'\tmh the Legendre d equation
g =
Q p— ) dp-’ 2;.& +u 4+ 1y=0
chapgea into the hypergeometnc form

Q d I
Nz (1—n "”ﬂ;- d§-+”—“;+_’,

by the transformation pi=x

Hence show by comparison that its complete primitive is

4 F(—-h;_ ﬂl-f-l v 1 Wt )"'BP'F (—-.._,] ,;'.:2!'?, 2 pz)



FOURTH LECTURE
[ Zeroes of Py (#) ]

7. Al the zeroes of P, (W) are real and lie between

Taking. » to be real let O\
e B ()= 1 e O

Applymg Libnitz's theorem we see that all thé dlﬁ'erentm
coefBoiérits of 7 () upto the (n—1)th vanish bp@h for p==—
and fop:pz=41, but. the nth Jdefferentinl ogefficient vanishe
for ne:tbgr \.

Applying Rolle’s theorem in succqss\en we see that

(~-~) {m—l} f;-v+'1) }

vanishes for Lgt least. va.lues of P lying between — 1 and -+1
xRS i nt degres in b it con not vanish fo
any value outside. bheae‘n values,

Henge all the Z\OBE of Py {#) or of

anz_ﬂ (aw- )ﬂ{w"”n } fie

between .m;-ml and p=1 and aré all real.
B\All the roots of P, (P}—‘O sre different

If they are not all different at least twe of them must b
g?qna] [t their common value be «a.

Then P, (a}=0 Py’ (a)=<0
From the Legendre’a éqnabion



( 13 )

P {a)=0. B _
and from the Legendre’s equatien differentialed once
Pyl (a)==0.
and then from the Legendre’s equation differentiated twice
B {a)=0. ’ . N\ o
(n) ()
and s0 on, Thus P?3 (@)==0 i\

which s absurd as #,(")(«) is slwaya s constant. Thus all the
roots of P, {)=0 are different. Let them be ii;\,\:“:c,, a,,

.- . Then since a is a roahvof Py ()==0,
t‘nen -—w is a.lsa a rcot of 22 (#}=0 becauﬁb ‘of the relation
Po—a)=(—1)*Ps(a). O

Thus PD(F)—-A(M—a;)(Pa"‘—-ug’ e (WP —ay?) if 7 s
even. ‘

Py(#)=Bu(pi— ﬁf}(wwm«’ww dt(f@“"%‘ﬂ"y)‘”@ ' in odd.

ER
A and B being cerhami«zpustants

&

N\
L >

10

’\".“ﬁork for the next day IV

1, \\Q'bow that the complete primitive of the hyper-
geometrlc equation
~\ 3

Vst S+ { v—(@rp4i)e F a0

s AX% F[cc, 1—Y+a, l—B+a, “;t‘]

+BxB F[,G, b—7 48, 1—a+8, %‘]



( 14 )

From the above deduee that the complete primitive |
the Legendre’s equation is

A}M’F(~%, —% - n,l

pBprep (S 032 g <
&

The firat part. will be Po if % iz a pomtlve m\peé}r fo
anitable value of the eonstand A. » é\\
£

R
N

www.dbraulibrary.org
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FIFTH LECTURE

Laplace’s definite integrals for P,(#).
9 We know

w
d¢ _ = e A
5‘- a+bcos$ g3 b® where of 2> ¥ O
Pllt a:l—ph’ b=k~/“7;-—i- \::}\ /

and therefore @i-—bt—=—1—2h+A ’::\\3
..\\0

We get

ol

- uf g
(1~ 24k +k2)% 3 l_b ,‘, &%V{W‘au‘lé@sr@s Lorg.in

K

aw
r acd #\,J o ]
=f | 3, Wit | 36
T J
&
'\; Jor sufficiently small values of 4,
o~
\Qe;'
s f BA(pF VB cos $)° dé
¢ \ ”=0 0
3 l
Equating coefficients of A2 we get
1 mw
Po(p) =2 f (HF ViTT] o8 $0 04
0

This is the firet of the Laplace’s integrals,



( 16

— Kl H 52
10 0.( a—b cos ¢ vaz_b‘g.iﬁter{au =

pu'ta—:]-bh?—-l, b=:F}z1/}i§:1 _:

T Pl

then _ I ki == )
Vo—5t  VI—2rhi? B \! 1— 1 \
fk \

£

= % P (W}
) n__'o{l{'i*l
d¢ O
k(b £ VW21 cosg)— Los

w O 1 -1
.__.=J' { [ ! MP&V;?—-—l cos“gi)] } d¢
T k{}t+'\,/p,=4._1 coB $) J

wrwrw dbgau ibr ar‘y org. “L

1
"f % wwivw—l oon $PTE | @

ooy T’ .
Y < d¢
_ni':&bf k”+1fprl:¢/}b’-l cos @)n+1

Q

1

FA ofi both sides we have

“}fp}cking coefficients of

A

N\

i 1 de¢
Pn{P)='-;;0f (W LV ST cos $J571

This is the second of Laplace’s integrals.
From these two integrals we easily see that
Pn(f“‘}zP—-n—l “‘b)

et W



(17 )
Work for the next day V.

1. 8how that
8
—_— 2n__ . — - — —_
Patoos g)=cos z F( #, —n, 1, —tan® )

(Mmph?})
2. The following is due te Eukar
Pr(ocos §)=cos08 F(—_2_ —2— — , 1, —tan 8‘%
&(,
N \\QQ
\J
4
P
QY
’g«



o
Liae SIXTH LECTURE
[ Recusrence formulae ]
1. Let Ve=(l—20h4h9~% A
then V® (1—2@h4ht=1 O e
Differentiating with respect to » and dividing :!’J)}'g éV w
bave . '\\

V (h—p +ﬂ' (1-—28h +h%)=0
Y,
or (h—t) 3 B0 Py (u)+(1—2uh+@ 3, mhn- 1Py ()==0

Equating coefficients of Ao-1 g’ zefo we get
P, ot Py 40P, —-2]4»(:1.—-—*1) Pn 1+ {n—2) Pu_ 2-0
Y S PR a—&’l‘i“ﬁ»iﬂw—\(n—x) Py_gsfl.....
12. To prove A
&

Now (w —-1{%@—“(#13 Py )= (4 1Y Pam Pasa)

#Py ——-P,,;r p- J‘ (#4  #i—1 cos $)8 de
~ >
Y
‘ \'\\s.' . - |
N - f (#+ V51 cos ¢! d
2N\ T
\\/ 0

w . .
i _
= ;/ (B pP—] com ¢ u24p/uT "] eos ¢—1 )
0

="¢"1J’. (P 73] cos ¢)o-1 ( i+ ® c?? ¢ ) %




{ 19 )

sy apf
D) AP epvia=i oos 412 dé
0 ’ .
=" dPg
L
I 2N, ¢
Hence :\\\
O
L P
b i (ID)
(2 —1)4En (1YW Py = Pra) e ABLIO
dp \\\
Sinee Pp=P_p-1 \\}
13. We have . )

{ (p2— I} }—”(”"F‘ﬁpﬂwww dbraulibrary.org.in

d—‘fh[n(m-r(g_}g]=n(n+1)}’n b, (D

pdfw\%: e Ppeesven vsene(FID)
N\
A ap,  ap
Ls?\ pf_n+ “+1_w(n+1}Pn ............ {1V)

i"\ »
') smce PnzPhn—I

- By adding (iii) and (iv) we get

(2n+1) andﬁ—‘j‘ dz’;}‘ TUTN 44



( 20 )
14. From (v ——-(2n_1) Py ot

=(2n—1) Py, + (2n—8) Pn_3+dﬁi'*
by substituting for ﬂ:ﬁ: 2 from (v) \‘\

Thus by repeated applieation of (v) we get 3

dP

H(zn_ 1) Paa+H(2n—5) P.,_s+(2n—9)"Pn_5+ e fVI
the la.st. term being 3P; or Py according «ﬂ,!k\t is even or odd, |
..\ W
This iz called Christoffel’s expanaﬁgn.

From (IT) (A and B) we ha»ve

www.dbraulibr ary org.in .;C:“
(rH1(H—1) ~P,=n(n+'1)(f~Pn-Pn_l)
\

n(#2—~1) dP“;—. (ntDn . (#Pa—Ppyy)

addin,{tvge 'get. :
A&

p \... ap,
SSent =) G2~ (n Py —Pa)

Pu 1
or (£*—1) d—— =%—:'$l_) (Pot1—FPa—1)euceesen..... AVID)

This is ealled Beltramis rssult.
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Work for the next day VI.

1. If (u, ¢, 2) and (r, ¢, $) be the cylindrical and polar

coordinates of the same point and if g =coa ¢, .

7\

show that Py(s}=(~1)2 —~( = () N\
{London B. Se. 19@@{;’..’

1 2 \\ 3
2 [ 0 )

€%
S
&)
—r—— 0_&4\.._

A\
‘\‘\x www.dbraulibrary.org.in

¢

<&

' g\&\/

N\
O
)s\./
PO
\, &
\./ :
o Ceee



SEVENTH LECTURE

[Christoffel's Summation formula for the sum of the
first n+1 terms of the series)

o0

% (2r41) P, (o) P, (y), Orthogonal properties of P (*f;-}}
r= N

15. Now “'\' R

@2r+0)z Py (2) Py ()=P, () [(r+1) Pr+{(a:)+rPr..1{:c‘i} |

(@r+ly By (9) P (2)= =Px (5] [(r+1) Bris(y) +rPeaty)]
Subtractmg

..\"
n \/
@+ P, () P () (a:-»y)
www%bl raulibrary.org.in .,3.

\

‘-—22 0 (r+ ”{Pr+l (3) P, f)—Pera {y) P (2)
o=

\\ f{P, (x) P,_, (y)——-P (y) Pr1 (0)})

“‘{ﬂ+ L){Pn-n () Py {3)~Ppu1 fy) P, (#)}

xﬁ?\
Heot®)S  (2r41) P, (2) P, (1)
f*\{ >0 {3} + {y

:"\;’3 ’ =1=(R+1’I-)—n+l (SF) Pn f?})—PnH (j’) Pn (2),
/ Ty
1 )
16 f Pw (#) Pa (#)dp==0 or - 2 according as m
2np11’

-1

and » are different or m=—x




( 23 ) -

1
-1
d m .

f ( =) (w1 T (gp) (WL ap o
o~

=K Bt § 1 1I :\ é

Y G e ]

* \\ l_

'\ '
-1

_..hf (E-;H) —-l)m (\ju o (nt=1)® dp

Where K —- 1 1+ W‘Ww dbraulibrary.org.in

g L ,Lm

The firat pDI'blO*l mmshos at both the limits. We
integrate the seuonibvbon by parts again and continue the

process till we ﬁnd\ ¢.integral to be

gomy iy dm(pi—])w
\;(\Lx)m KJ' dpsn . p dp
.‘;.\
~O° 1
3 ; - 2__14n
\V/ =(—1)= R L2m d“_“}:—n_;[_dp, ceeereanell)

1

. da-w=1 (e ie o
==hm. K Lz—"n"[ T gpam ] =V
. —1



(24 )

If m==n the integral becomes from (1)

1
) 2n .
f Pt (W) dpas(—1)n , . Leém ”‘ (1)
20 200 | n, :
=1 L» L —1 N\
. %in
i ’\,:\t\“\
'—":_.1_‘..&_5:_(2!’;1_)]‘ {(1— @ d \./
28 |n -~
1 .\\ L
\\\
' 1.3.5..(2n—1)
h —
D il
Vo)
i."y' !
W\ .7 (whers W =cos §)
RN /2
www,dbrauliﬁ'rﬁry,mlg'j-a 8. ... 2n—1 sinZot1g g,
AS M 1
AN\ 0
&
ahli3 - 5..2n1  2n(2n—9 ¢
. . .
‘4‘)“’ 2 |n @a+1)(2n—1)..3 |
e
"\sl r2n+1
A
:\‘Q
i..\‘:t‘ ————
o
QO

e

Exgm_ples on Legendre’s Polynomials
1. Prove that

[
" | e
= ;; (2041) P, (z) a° by
(I=f%z422)% A=
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2. Prove

oo

142 _1_= 3 {Pa (3)+Pays ()} 2®
z(l-—2:r.z+8']% n=0

3 By inserting cot ¢’ =cot 0=k cosec § and expanding

§” in powers of b by Taylor’s theorem show that N
oA\
_{=1) 1 dn{gin #) T\
P, {cos #)== - cosech+1y oot gja O
§. Show that :\ :
)
f (dP“ dp=n(n+1) Y,
3>, Show that \ O
2 \’ 1+ 8in —
+ + + ........ v = log
& ) www_dbrg{ﬁib_@ry.org.in
5. Prove that i,\
.\\...
1 If.ﬁ.;:........l’.; is a numerical multiple
Pl ::,?2:.&0 ........ P +1 n{o+1}
0. ot @)
.
‘»\ ba Pn-i-l...-...-.-Pgn
. Show that Py*4-3P*4+5P," «{2a41) P,°

=‘ﬂ+ ”{PuP a+1— Pn+1P’n}
Taking y=x- ¢ in christoffel’s formula and exranding

‘aylor’s theorm and taking limitess ¢ —»0 we get the
It 1.
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8. BShow that (n41)* Ph—(pn*—I1) ¥/,?
=(n+1)(Py P’y 1—Poy i Py)
From {II) B, multiplied by P’, and from (LV) multiplied
by (n41) P, and subtracting we get the result, N
9. Show that \\\g\
N\
PP 4+3P 5P, 4o s wen e + (204 1)P,2 \Q\}
: 23
=(n+1)* Ply—(u-1) P12

P

'.V



EIGHTH LECTURE

[ Integration of Bessel’s eqnatioh in  series, Bestel’s
functions. |
17. Let us integrate the Bessel's differential equation, (),

dy, 1 dy _ i
da:’+'_ +( 1 ——)y—O N
o &
Put y= s ap xk-l—r N
i=0 .“.\\J
‘\ i

then dy- 5 ag (B+1) n:""'"’ v
dx r=0
a* ol E Oy (k-j-r)(%-[—ﬁwl) &Bi"&uﬁbl -ary.org.in
da* »—0 A

..,\
Substituting we\l{hve
[ o
S @ (k+w)(k+f—l) :tk+"‘2+ 2 ar (k-+1) ght-2

r==0 x\"

N\
\”' == .
+ 3 gt 3 aataied.
"\ r=0 r=0
\;s.'
(=]
or I 0 {{k+r)‘—n‘} Zktr—2 4 2 Oy xEtre=0)
r=0 r=0

Fquating to zero the coeflicient of z%~2 which is the
owest power of z we have

ag (k% —n?)=0 which gives N SR ¢ §



(28 )
Equa%mg to zero the coefficient of #%-1 which is the next
higher power of x we have
a, {{(14+k)*~n8} =0
As (1+4ky-=a%==0 by virtue of (1)
B0 8150 et vt v veeecrenn o (2)

¢(\A
Equating tf% zero the coeffiolent of xt+t we gt O
aerg {(br42)® =t doar=0 .., ... ... .. e e (3]
S a ~ 8 (4

or  Oppe== m for & n,.. XA S (4)

a o \
e —

o verrrerenrans ORI () I
(f+2)l2n+r+2)
From (2) and (6) almaafgg—............=0

Giviitg tebFaw gy ‘Iﬂgﬂh«i B, reerierrnriowe got corres-
pouding a’s which on subgtlt.uuon give us our solution as the
geries

Grig== —

From (4) ay,p= ~—

\\;,, o
=% all[ 1. g 2D e aL nF D2
.j\" ("-I)r Z2r »
O L R+ (h )
Q

A

. ] (M

replacing n by —p

'wfx;a\fe Gq is an arbitrary constant,
\V '
The other solution is obtained by
in (7).

The solution as given by (7) is called J; (£} when
1
CEF T
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4]
xn

@) =57 EEn”

oo . 2r . 1
[ r.-_iﬂ =1y (%) L7 (ﬂ-}-l)[ﬂ'&ﬁ)-"-(ﬂ'l"’)l:

NS
oo n+gr 1 ) >
= -1y [ = — - Y
e —
_ . —n+2r 1
1 Jopl0)= z (- 1)( ) \m\f(..n.;.r-;-n

N\

e complete primitive of Bessel’s equation is
AT @+BJot) IV
To prove that J_, (.?;) —(—l)ﬂwwmibmbnmgrylw&rﬂ%

isitive we have m\
ne

\\Q . b+2r 1
I {’)_Kf.. = () L7 T (=ntrt1)
re in. th\é\denomlnator of all terms which precede the
e h \wt.he argument of I' & negative integer or =zero
all, t.he terme which precede the nth vanish as the
)nator becomes infinite,

1CO
. —p2r I
(x)-"rzn -1 ( ) 'L’_*_F{-»n+'r+l

o 2 \—D+2(e+n) 1
:sio (_i)m(_:z') ’ F_—l—_s_f"{—n+8+n+l)
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= ot —sta( 2 28+n, o
2o YT e

D 2 L NS S
== 2 = () D 'S
=(~1)3.Jn (¥). <’>§ '

: <§\ -

z"s:\‘ 9

Work for the mext day VIIIL ) ‘»é\ 3

Y .
1. Write down in fair hand the en{i\@ leevure  of .

1
A\
R i
www..dbl'aulibral'y_org_in \3}:; %

¢
{\:‘\
»

< .
Re ’
WY
N
Q g
Qﬁ?‘ s



NINTH LECTURE.
[Recurrence formulae for Jn (x)3
L. n being a positive integer, we have .~

{(=—1ir n+2r ° oo ,'\:
sz L) S

{ 1) (n+2r) )‘“” > (1)
e (5

n+er-~1
=n Ja (z>+xz ) {7 N (—é-)

[r ]\{ﬁ-{-r
Putting r—1=s

o "' (._,”s ( )n+2s+l
#2=0 L‘W\Lﬁ-—b!;;d-h]bl "ary.org.in
=n Jn )'-z Jn+1(x)

Again (1) can {e\wntten a8

=# Ju (x}

, », oy )n+2t-1
% Ja (\ga;:;;—n T@+s s “*anv—l(

\» ==n Jo{z)+x Jaa(z).
~‘1‘hus we have
“,. 2 dn (2= Jp =T Jni1 sevienianrsenae (1)
z o’ (Z)==nJo 4% Jo—1 erersanenn (ID)
From the above we get by subtracting and adding
2r Jp =& (Jp-1FJni1) commeeenneeinne {11
2Ja? (@)= nci—T g e seserrraaesss (V)

—— S gt



C 9% ) F
hence we have

e E( "'_xl')=;° 18 Jo(@) i (2)
—_p

21 Beries for (z sin ¢), ° sm ® (x cos ¢),

. 1@ . Oy
By putting #=e¢ " in (2) of Art 20 o\
we have P \
. . oD N ¢
eszslnés s et n$ Jo (@) m\
Hoe=— o0
A

or cos (g sin ¢)4-1 sin (x ain @) \‘

=T, @) 417, () ¢ P40, 2 e“‘*;+w (z) #

g ) e ]+U= (@ &'
www.dbraulibrary. t:i_gétr; (2) e —3i¢ 1+...

—J(@+7, (w)\ [*_

i¢]+J= (E] [34 3¢+ e—-gié] :

+J @{ ’*3 o3 AT Y

H. - |
O
S 2icin ¢ J, (@) 42082 6 J, ()
O A2isin 3¢ Jy (W) 200849 J) @)b e,
\ 3

Equating real and immaginary parts we have

008 (z sin $)=Jp (2)4-2con 2 ¢ J; () F2 003 4 ¢ /, ()

| A SR {1
8in {x sin $}==2 J, (x) ain ¢ 42 Jy (2) sin 3 ¢
+2 J; (x) #in 5 $+-... ‘ (2

)
I



¢ 35 )

By replacing ¢ by :;--—-qi in (1) and (2) we get

cos (x cos ) =J,(p)—=2 cos 2 & J, ()42 cos 4 & J, (x)

—2con 6 @ Jg (@) ... o ven ean {3)
ain {x cop $)=2 cos ¢ J, (x}—2c08 3 ¢ J; (x) \
+2co8b5¢ [ ()} —2conT @ S, ... .o ... \\’\(4\’

Work for the next day X .“,:\"
1. Show that \ \g
cos x=J, (z}—2 J, ()42 J, (x)— \\“
sin 22 [, (=2 J; (2)+2 J5 {al= ... (Agra 1936)
[Hint put ¢=0 in (3), and {4) of Art 21]
2. xsinz=3{22J, () 42 7 {x}+6’ 7% T
2 008 #=2{1* J, (x)3* T o ... o)
[Hint Diff (3} and (ﬂ\of Art. 21 twice with respect to ¢
and then put }éﬁ]

../

\ ’\‘;

L D
x:\s.'
:“\‘.

w4




ELEVENTH LECTURE
[ Integrals for J, (x) and J. (x) |
22, From (1) of Art 21 we get hv integrating with(

respect to ¢ ‘ A
4 \“
™ o
j‘ 008 (% gio ¢} d =7 J; (2) N\
0 @
ag other terms on the right hand side vanish\) between the
limite of integration. D
1 ki '\ v
o Jo@=f cos (& sin $) U ()
0 Nl

Again multiplying (1) of AerI by {cos n ¢ and integrating
we gebyw dbraulibrary.org.iny®
w «~<\
J’. cos (r gin Q&éqﬁ n$ dé=0ornw J, {z
0 : O
sccording as n ig odd or even.
Multiplying (2} of Art 21 by sic # ¢ and integrating

we have™\“
&
..;.\‘ll‘ )
N Bin {z sin ¢} sin # ¢ dé =<0 or w J; (x)
o\ A
;0

\

according as » is even or odd.

Hence on addition we get

T
Jxn {a:)'—*lw/ c08 (n ==z zin $) d¢
0



23. To prove

2

o
T (G) o s

Expanding cos (x sio é) in powers of z sin ¢ the geneml
erm on the right hand aide js “\.\ /
. \J

T £

2 x \n a:zl‘ A\ 3

e 2 (EY =1y B in? 7
= I n+t4) ( 2 ) (1) O[ L2 B {fff\q‘ib s

—

N\
Now J‘ ginr ¢ ccs2t @ de= 2I \in2' & coz2t ¢ dé

- =N
= t {1—1) “Jdt www.dbraulibrary.org.in

; Q
where {=3in® ¢, ’\l}\
N\
2r +1 Jy2e4-1
RIGNAS:

) _
Haq&é'ﬁﬁé general-term on the right hand side

\; SV F{n+h ( )( LZ'

2res1 2!-3

7 w3 I () Fint-$)

T (i+r+m

==y (5 )Mr T{n+r+l;




m
. ]Il (x) =vﬁwﬁ(%) vr ory (3 ain *) cos2n é d’
. L]

/' o '”
\‘.7 (%) —-—'--{—-ijl 08 (* cos ¢) cos 2n ¢ db

\/

( 38 ) |

Thus we bave

—— O
o\
Work for the next day XL (‘31'
1, Show that each of the following intgrals" zevo
1'r 7 \d
f cos (zsin ¢) sinng dg,  _L©
0 O
- v::’:. ”
fwwwbmwbwwmwgp J’ sin (z sin ¢ $) d¢
0 o~ 6
” iw‘\\
EN\J ”
j' eoa (% en'a‘g?)\\ain n ¢ dep, f sin (g co3 ¢) sin n $ dé
0 0' ”\ 0

<&
tzijggmg an integer
X“\'h
2. Qshﬁw that
N\
ol
il m
k2

0

{ » being an integer ¥

(=1p "
Ia (2) =—~__n_—J‘ 8in (7 cos ¢) cos (2n+1) ¢ dP
0

&\




o

3. / cas (g ¢08 $) cos (2n+41) ¢ dp=0.
u

k)

/ sin {x cos §) coy 2a $ dg =0
U

* &

N\

Neote :— All the results of Queations 1, 2, 3 e&%
\ .
3

abtained from reqults of Arb 21. N



TWELFTH LECTURE
[ Integral properties of J, (x); zexoes of ], (x}].

[
24 Toshow rhat f o (e ) o (B Jdr=2i} j &
e g Ko N
where % and ¥ are different roots of Jy, (xn)=210 \ K

Special case of Green’s theorem for a vircle of radids i
N

+¥7)

T
T f (v9* u—u9W) rdd 7r “\\

2o
[ (5 >w
o

n n‘ r‘*—a e e 13
www . dbrauli E@ﬁy .or g ll;l aH 1 3*:
Is 3 5 o
Ao v o+ et
~\ in polar coordinates

Taking u to be\J\.,\ k rjcos n@ and » to be Jy (k7 ) cos né
and knowing that 2w satisfies Bessei's equation we have
V’u—*-—»lﬁu Ty friy
Subsmutmg in (1) we have
O ’r
{k" k%) J f In (k7)) Jao tEr} €os? vd 1 3¢ Ir
\ 00
v 2n
—.:af' cos” nd {k Ju {k’a]aijn {ka)
a
9

—K Ta(h oy Ja(kra) ~0 }do=0



( 41 )
since Ja (k a)==Ja {k'a)=0.

Henoce
a

(P —k) f S (kr) T (k2r) £ dr=0
0

Henca the theorsm since k'5=k \

25. All the roots of /, (z}==0 are real. ‘

If the theorem is not true then take tw‘b\'conjugat.e
mplex roots A48 and A —ik. '
Fut in the last result of the last aruole \\
ka=n+ip, KHa=p—iw )

Then N

%

W

I
* Y

4 p.f Jo (kr) Jn wr) rodr, RN £ 9

0 WWW dbrauhbl ary.org.in
x“‘\
But J, (&r) and J\{k‘?}} are conjugsate complex quantities,

y equal to P+z’@’and P—i(} respeotively.
Hence (1)\be~comes

£\

@ oy armo

.~\ 0

\\

/Since the integral is not zero as the integrand is thrcugh.
Ut pusitive, we bave Ap=-0, but A cannot be zero as shen a
utely imaginary quantity f# will have to satisfy J, (2)=0
hich is impossible since the sum of decidedly positive

Uantities cannot be zero, it therefore follows that =0,

Hence the theorem.



( 42 ) P
26. . (2)==0 has no repea’ed roots exéept z=0
We have from (1) of Art, 19

- J';‘_Js S, TR ¢ '
45
Suppose « i3 a repeated root of J, N\
then J, {«' =0, I’ (a)=" &)y
N
8o that from (1) Jp 49 (@)= K S
From I1I of Art. 19, J,.; {c)=0 O 3

Thus for the sams value a of 2, Ju {z), Ja¥g" h:), Joos (2) i
ars all equal to zero, which is absurd as we cathvhiot have two

power serles having the same sum fun ioh. Thus there
can not bs any repsated root of J, e£edpt z=0 . |

%

o dbrasleEaE e F b Next day XII.
1. Prove that
T, (#)+3 Jz:\i;)% o (@) =0
2. Prove bhat
?\Jn —(n+ll dopi—(n+3) Jy s+ {z45) Jui5—

o

N wrn L amr ees e .
.0

\ . Work for the next day XIil.

_ 1. Prove t.ha.t.
J; @ 4+J; (x} ‘I‘Js (”)'i' v aen -

—i[Jo(m)-!- f{Jo(t}+J, () }dt—l ]



( 43

~

2. Prove that
cos g==dy {¥)~2 Ty (¥} +2 I, (%) — .ot sen o oee

8in x=2d, () =2 J (2) 2 Iy (&) = .er ser o

{Hint put ¢==0 in (ITI) and (IV} of Art 21). p
3. Show that AV

x ein 2==2[27 J, (z})—4% J, (2)}46® J, (2) — \\/-\ T

x cos a==2{1*J, (2}=30J, ()48, fa:)'-- & s
[Hint differentiate (3) and (4) of Art. 21 tw:c@tvnth respect
to x and then put $—=0] A

4. Show that \\:
=y (@)+2 J, (x)+2 T, (x)+x \
=2 J, (n)+2.3J, {x)+2 BT, (2)+ ..

[Hint for the first result pu!s“dx—-o in (1) of Art. 2! for
he eecond result d:v:de (2} of ‘art 21 by ¢ and then pat

=0}, x ’\\ www.dbrauijhpay Y.org.in
Ol
O 0
\NO
X;\.w‘
O
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O
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PARTIAL DIFFERENTIAL
EQUATIONS OF SECOND

AND

Higher Orders.

o\
« \J
ﬁ\:‘\’
>’
&(/
2N
\Q‘*’
\
N
'\6/
NS
/R, V;
O
\ ¢
N\
\“‘:‘:‘
N
‘/\<\ www.dbraulibrary,m‘g,jn
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b\
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O
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THIRTEENTH LECTURE

[ Linear Partial Differential Equations with constant

coefficients
O\

27. Generally g and y wil! be the jndependent Vsrletbles
d # the dependent variable,

at
< ‘.

n %
8';‘?“%%“ (=0, 1.2, .....,n} are parti'é‘];\ differenti-l
sefficients of z of arder #. \\\

A partial differsntial equation i) which the dependent
ariable and its panial difforential’ cosfisients of various
rders oceur lincarly and in which the coefficients are not
unctions of the dependeny va.rmb!esrw\»hgﬁ,rya?m}ggpgpgpﬂ?nzs
sculled limear partial {dyfereatial eguation  with conmstant
gefficients. Such aiéqu’a.bion is

, 3__) y=V
whete o w:} rational mt‘.egml alg-beaic  fune jon, all the
,oeﬁiu:&&s of which are constaabs and V is any fanction of
he deptndent variables
N®Y

N

) Asin the case of ordinary linear differential _equations
with constant coefficients the complete integral consists of
the sum of two parts, the first of which is the most general

integral of

TN IR



T LY

and the gecond aoy particular solution of

[ o
é (az , ﬂé.y_) 2=V,

[

¥
regpectively, O\
ne

For convenience ‘-;_ and - - are denoted by D and /¥
x

7\
28. Let us take the cage of the equation in which alf the

N
differential coefficienta that occur are of the nthpjorder so
N\
that it is '*)

(DA, DL OV 4, P2 D7, oihdy DIYz=V
where V is a funotion of x and g ~N\

% 3

~or (D—a; D'}{D~a, D')..--.:o-;j(ﬁ'an Dy a=V

Where @, , @y ..., &g Bre thofoots of the eguation
gnp Appe by lEmaE OB 4 e

A\
The complrment{(j.ﬁmction is the most general soluticn of
the equation N\

(D~ alqﬂ?)——a, Dvonnn. D=ty D7) 20

7\

,The{kﬁblutifms of the above equation are the solutions
of the differentis] equations

t\'t

(‘{ D=y D' 220 [r==1, Zrevemverne, # ].
a=0 e Y 4 i
=0 z iz the solution of (D—a, IV} 3=0

a; I’ being copsidered as a more algebraic quantity and
C; being 8 quantity independent of x.  In its most general
form €, i8 an arbirrary function of y as y is independent of x.




(49 )

Phus the snlution is

¥=, (y) e b= =& {u}: o%r -

(ay
wmbe () {14, x 07 +-f2-_- D%}
e o O\
==gh, (y}'*'dr T [y} + L2 *: ("') +--'--'-'-+”':\’~'\"} g
b, ‘f!{'f"ar ). - “("}t
Heuce the complementary fuaotiya is W'\’(’
f—=—mn \%
= X ‘;6: ’y+5r xh ’ .\\:
re=1 Ry
,”,\h

whero ¢, i1 arbitrary. '
If any root say «, is & double, ’r'oof; then the part of the
mplementary funotion correspondmb to this root is she
lotion of the equation
(B—a, D’)'s_Q‘
Which is .\\ -
(x; D)z Bs
#==(A Br) o' ={A+Bg)e
[D’ belng_(cousidered as an aigebraic quantity and 4
¢ B bemga\rbat.mry function of y say ¢, (y) and ¢, {y)]
{ay 2) 2)®
or 8=($, (1) +x &, 1) [140, 5 +12 TR ]
‘~f°'*‘\".‘=4; (y+ a2+ o $by Iy aw)
If «, is repeated thres times;
ntary function corresponding $o it would be
1 (y+a, 2l 4z by (v, M)4&" $;, (7 +oy 2)
And 80 on exactly an the pattern of ordinary linear

www.dbrauli brary\org,jn

o, w0

the part of tte somple-

erential equations with constant coefficients.-
il e
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Work for the next day XKl
folve the equatione

1. 9% -3 az+2 o'z

A Gy FT R
3’: 'z
g8 _ 9% 0o
2 o
s B _ “
3 T I
otz ¥z otz Pz
L OE 9 93 49 UF _0F
U ™ R PR Y P "R
)
N
‘\}‘\

www dbrau librar};’.or‘g\}f\\;\
<§\
g\&\/
. ~{~
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28. To find the particular integral of

(dg Do 4 A\ DA-11F 4 4, Dv-2DB4 .., +4, D' =T
or of (Detty DY Dm0y D'hee. . . (D—tta D= ()
°\

We have i
¥ A
(D=0, D7) (D~ e, P D—a,D)..... : {D&-m.ﬂ’) _
= ¥ ' RN
' 775
D’. —-“_al)(-—-u-' a!).‘,:j-}(‘-ﬁ;—— [+ €9 )
=g N\
= Nr . }7 '\t“&

A V) W3y Where N it s constant,
7% ':'a.r.) www.dbraulibrary,org.m
N\ '
’"‘Y
— A 8, 1 to.
Y Rl
\¥;

y

WO where V=p (&, g) o o oor (A)

AN (D= D)
\' l

O A SN 2T Tat
A X Tl

= oF =D’ fﬂ? ¢ {E, "".“r £ ‘5 :

“f T ¥i6 y- it e %)t



{

Hence

e f f oty | ilN,.f

¥ (fyto g—a, £} 4t

This is 1he most general form of the solution. In particular
oeses the working beoomes much more eagy. Thue if V, ia\a
funotion of x only we may consider [$ (D, D)} ex panded 1o
& geries of ascendisg powers of D’  and only such ttmﬂ need
be considersd as do not contain D', Corraqpending ‘sitn plifi-
cationa arise in other special cases exsotly on t}}e pattern of
erdinary line a# differential equations with\‘constant coefl.
eients. :Z}\'

Example 1. Solve: A\

b “ d%u o
d el

wiww dbraulibr Cary . org, iR »
The complementary function is

z=¢ (y -—mgkl'lﬁ (y+mz)
where ¢ and #ﬂx{«i\é’Qrbitrary functions,

For the partiéular integral we have

‘Q —m3 D Dﬂ( 1~ m D" -
R S
ST R R ) o
N oA ,

T DT 3a. ' S
benee the complete integral is

u=3 (y +ma) +4 (',-m;)+£.
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Work for the next day XIV

1. Obtain a solution of the quation

3’«* 2 B"
aE " gat

ch that, when (=0, y=F {x} and “3‘?“21'551) , F (%) a:{d\~

. AN
) being known funections of . \ O
Mz Az ..fw‘.
] +—-~*oos my co8 O
2 aa‘ x nE. \.“\\\
3 ?.E-I—az::gin x5 :o\\.;
o oy G
‘\ .
4. _g,_:_.__._g; =gin % o8 y. ";“:
' FiiA N
— 27
3. gat3 3:8+ s sty -
w\ WWW-dbml”ibl‘ﬂl'y_org_ih en

{ l
\\”
Wm:k for the npext day X¥

1. o'z a'“: ,3

Pl PERA +02)
X Qz' x
L
»%?:" 2% 9yt 7y

,\> 3. ($—aD’'P z=¢ (z)+ ¢ (y) + K 04-by)
4., (D-D'Pr=s+dx+y



FIFTEENTH LECTURE
20, Let unsolve the equation

Bu, Pu 3u
it ma T e

AN\
Where the meanings of IYs are obvious. .,F'or b
aomplementary funoction we have O

(D24 D74 D —3D, D, Dy wsmad +z‘-=-BXyz

or {Dy+Dy+Dy{D4w Dy+a® Dy} (D:d-’ Dy 4+ oDy)u=0
« being & eube root of unity. \s

New (D, 4aD,+8D,)u=0 3 O
gives -Ae( al}, ﬂD“"B

. h X
where ra'fp‘h{yl,ag g%é?ng arbitrary
or  y==g {y, ){m\Dﬁ ﬁDs):t

=4 {yfccz, 2~ ﬁ-‘-\'}
Henee the'domplementary function is

N
J\y«w, ¥, L, (o, I—a'2i 4 ¢, (y—a’r, 2— )

. ’l"he part of the panticular integral corresponding to g* is
\ ::\': ) 2’ . :t' xﬁ

bls“i'ﬁss'}'])as"h:j})l D’ Da_ﬁwﬁ“4 5.6-
sud so for y® and 20

The part corresponding —3xyz is
_ 3aym 2t

~3D,D,D, &
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The complete intogral is the sum of the complementary
fanction and the particular integral,

30. Let us consider the solution of the equations

) of— g; ~Br=0 o
ot (D—alr =0 KON
then z=£(aD’+ﬁ]x ) \\«
I’ being considered algebraio and ¢ being ari;zﬁrary
- e{:’x ¢ ly). 2 )4 \x\\\
= % ¢ ly +a). ~. :::a

(i) (D—aD’—g) z=0, .,};3

www.dbraulibrary or

Then z=¢(@D 85 * A,+A,s+ R X
thero 4, , 4, , Ay, \\ . Ap, are arbitrary functions of ¢,

~ 7y ﬁniy+“5]+= IR - 77 5 SR
‘\“' 201 b, ry+az) 1

{m) % 38 a" +.3 g_"—-—z,.{.eﬂ-ﬂ?

"\Fm the complementary funotion we bave
VD —~D')D 4D’ ~3)2 =0
Part of the complemsntary function corcesponding tao the
ut factor is &, (y+x)
td the part correapondmg to the second factor i
e $y (y—2).
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Hence the complementary funetion is

¢, (y+ar+e¥ §y (y—a).
where ¢, and ¢, are arbitrary.
The part of the particular integral correspnnding t]
oty jg '

= _._....._..._!. pe—, pEEEY ,o\:\.:
D=D5D+D 8 | L2
X __._l_,_,_ ey (".}‘. ) ;L
D) D
,\
=z gi+2Y .
(1-D'—2) D" 4223) ! AN
E— 1 N N

D41 »
= —yertly

»

vAnd dheapldirasireggoiding to the term zy is

I\ _
(DD D+ D' ~3B)

RS ] D4 DDt
o R L e AT &

:.\..:_1__’ }_I.D’ + o+ Yy 2
ATTED \itpt- "-){fy+v- L+ —-9—}
A I (o438 1 24 2
O frm— x ¥ 2 . &
\; e 31’) y+ 3 + 9 + 2 + 3 )

=g L2 2y L 2 2 . o

== (8% +{+ fay -+ Fra+ )

T?e complete fntegral isthe sum of the complementars
fenetion and the particular integral,
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It will be notieed that by a different method of procedure
sach as expanding in powers of DD’ we get & particular
integral different in form from the one we have obhtained
above but the two could be transformed into each other by
the help of the eymplementary funotion,

30Q. Egnations in which the coefficient of adlﬁeran‘t.{al
equaticn of apy order is a eonstant mubliple of the Wmdbles
of the same degree, mav be reducsd to en equauan “of the
trpe we have already discussed,  Such an equation 18 of the

/N

form .
. of = . Ll )
E A; T e;}"‘i’k P.q axrqya
+>,03Ys_§7—”— =0
¥

We may change the mdgpéndent; variables to % and »
where g=¢%, y=2¥ or whioﬁ'?s the s4ihe ki eawriveg.in

"BE}' =0 O-r”}) (D=2, O=r 413

g 27 —--*O((D (D~p+ 1B —1)...

> gt
YOG =3 ($1) ($=2) G} (b5 5
AN

\MWhere ¢ LA
D here () represents z 52707 &, and ¢

represents y -ég-or 52-

] 2. iy
I o .0 9. ¢
we denote 5 by D aod 4 by D

e get the equation of the type already discuszed.
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Example -—Solve the equation

'z otz 0%z
T I + + ¢ Yr = o
R 2"‘33135, ¥ PP 2y

putting z—=e®, y==e¥

o that xp = e O gy = Y R\
lence :\“7‘5
O (O-1)42Ce+¢ $—1=0
for complementary functions, ::\s.J

er  (D+4) (O+4=1) 2=0 \ .
8o that 2=F, (v~u)4el Fa‘g{v:—u)

W W dbaﬂ}:l{l.‘%tg?‘@(?z )

Q
where ¢ and }i‘}re arbitrary,

emu{—\ T gmutav
t®+ Q} XOT6—1y  mtn) (mtn—1y

—-*A-—
\(m+n] [m-}-nw—l;
“’i\‘he complete integral is therefore

4
e/

\ .
- v () +eE(S )+tm+n)ﬁy+u 1

B Lt e —
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Work for twa days XV.

1 Solve
Pu , u _ Pu B __
o Toxdy oyt oyor 0
Pu _, O g B g P o P AL
gty asoyt | o0a%z | daew  dydz LD
By 2%u
+ 8y0a® + dxpydr D
ik 2t \:"\.\\'
3' z‘ "‘_-_22___ 3 1 =$y \ 4
HES 8y '::\\',
3z 3% P oz
¢. * e e t v s..‘.___;_...
' T s Y ay* = oy ‘:c' Wz

y\r,—._

2
5. 22 U yog, &% 4o 2 +nu -
oz* cxdy N oy

www.dbraulibrary. op &.in

=n ( xm—*\l-y au )+a:’+y*+==‘

S
6. »° au+ ys__hm—f‘ay ={2* -+ )h

g 2at arg
7 (\az L+ Vot # 2) utntu=0.
g :5_2; =_a_i 206 0% pag2p 9% g

\i:\" ax oy’ o oy

V4 8% , A% I L 2% 6% __,, OF
. ome(Ga g )t gyt ()

=co8 {mx - ny)Foos (krd-ly)

B
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[ Parvial Differential Equations of the second ord
Monge's Method .

31. Asmentioned before x is to be regarded as\t
dependent variable and x end y as the indeperldei’}t va

ables, Partial differential coefficients _gz . Bz\ ate deaok

by p and ¢ while [ ) [ a; are denot;e:;l\by ¥, ~ and
2 ' 9x Dy " oy® \
respectively. It may be noted that \’ (o 2

o _, 07 Pr _ 0L
ox dy oy ',jaz

Bref. dhtﬁ@kjﬂ’iﬂ%orﬁls.ud to be & partial different
equation of the second ()~d»r when it includes one at least
the partial dlﬂ'erentlal\ coeffic’ents », ¢ and ¢ but none of

higher order. Tk\e\quanttblesx y. p and g generally oce
iu the equ&tion’buh it i3 not neessiary

The moat genera.l form of partial differential coefficie
of the sqcénd order is

(\\ Flayy 2, p,q. 7,3, =)

S 'Def. The Complete intzgral of the equations is a relati

', "betwem %5 3, 2 auch that when the value of z derived fic

it and the partial differential (oefficients formed from = &
substituted in the differential - equation

» the latter becom
an identity. The complete integral may be of differe

forms. It may involve arbitrary constants or

arbitra
functions or both,



¢ o)

Def.  An intermedinte integral of sn equation of the
seoond order is a partigl  differential  equation of the firsc
orde’ such that ths given  differential equation can be
derived from it,  Integration of this equation gives the
complete integral of ths original equitica, ~

The interwediate integral can involve only one arbibraty,
function. [Its integration will add one more so th&t\the
gomplete integral will involve two arbitrary funct:oga

32, Monge’s method of selution of the equa&d‘n

Br S5+ T=V vt e oncee a1
where r, s, ¢t have their usual mvamngs a‘q& R, & T end ¥V
“are functions of x, y, 2, p and ¢. ‘3' x

Assuming that the equation s, integrable we substitute

the values of r and ¢ as found ﬁ't)n\lm_ww dbraulibrary.org.in

dp =rdz 4 cdy (dp* pa‘x-i- )

dq-sd.c-i—tdy‘(\i\]“-ag f:.c+ Bq dy)

in equation (1) B,\Jd it transforms into
Rdpd -{-Q")g dg—F dx dy=s(R dy*—8§ de dy+T dx*)...... (2}

The &hba:d:ary equations are
Rdy —8 dx dy+4 I de*=0.. SR ¢
QO Rdp dg+T dgdx—V dz dy-—-O e e ()
(3) resolves into two linear equations in d& and dy such ag
dy—5, de=0, dy—£, due=0.
Ooe of these equatlions csmbined_ with (4) and wih
dz=plz+qly if pecessary may bad $) two ia'efrals u=g ‘
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end v==b which may give.

u=f (v;} as the intermediate integral of {1).

Proceeding similarly with the other of the two linear
equations we may get

tg==f (v,) a8 the other intermediate integral. A o
A\
From the two intermediate integrals we find théu'\va,luel
of p and ¢ in terms of & and y and then aubat.u‘utmg these
valued in dz=pdx+ gdy ~\

and integrating it wo get the complete ngral of the original
equation,
q \ \

In case only one intermediatet;iiftegral By u;=—=f{v,) ¥
deduoible and not the other, we Jproceed to integrate 1t by
methods WHL ,ﬁ?ﬂl§rt° a,rtial differential eguations of the
first order and thus get. mé’e final integral.

Ezample 1. Solxs\ L OO  § |

Weo know \\ '
=rdg & 3dy, dg—=sdzidy.
sothay ()7
,";__:.i_p—sdy N dgq—sdz
A -
w\;"\':' "'Substitutihg these values we gey
N c_ihp—sdy:agdq#sdx
dx &y

or dp dy-=a’dr dq=y¢ (dy*—a*dz?)

The subsidiary equations therefore are

dy*—a’dg*=0, dp dy—atde dg=0,,,.............. {2}
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The first of these equations resolves into linear equations
dy—ads=0)
dy-}-adz—-:OI

Taking the first of these and combining it with the second{
of the subsidiary equations we get

Oy
dp—adq=0. O

Thus we have simultaneously ' "‘}’5
dy—adx==0 &
dp—adg=0. \4

or, y—ax=—A, .‘2\\';

p—ag=E8.

Therefore p— aq——:}l y--ﬂfc)m-..: ..... cermrrinenesand £ 3]

L N

is an intermediate integral. N\
Taking the second of (3) and w‘iﬁ‘b‘iﬁﬁg%ﬂﬁﬁl $he gecond
of the sabsidiary equ&j‘rq}ts we geb
ydox=A" \\
p-{-aq:B{}::
which give ";\;

pwﬁf”_é’z (gFaz)o o i (f)

Y bhe\lecond intermediate mtegra]

‘l

NS )
“\“Substituting the values p and g as found from (u) and ()
m the relation de=pdx 4qdy,

we get
dz=} [ @, (y~—az)+ ¥, (y+ax) ] ds

+ o [# ty+ai—b, t—am) Jiy
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J
ot, "’Z‘dyj-adx‘ﬁ yhax) - a"é. (y—a®

which on integration gives

2=¢ (y+12) 4y (y—ux)
where

¢ (!)—"—l—j"*a (1) dt, {‘]"‘_"—fﬂ (8) &/ .\:\’

¢ and i are arbitrary cince ¢, and ¢, are abitrary\ m‘ld “the
arbitrary constant of integration mny be aupposed to be
absorbed in eith-r of the functions é and Py

Example 2. Solve 1--
(b+eqr—2b4rqilasep) +(a+qgf't =0

Pusting 1= PPH0 1

dg R 'dy
the subsidiary equations are o
www dbr U ibrary. org“jn,

{b4cg)* dy* +2(b+cgj(a+cp} de dy+{a+cp)? de?=0.....(}

(Cdeqy® dp dy-!-{a}ferp]’ dg dg=0},.. TR .
{1) Can be wr}t\\en s
U?-qu ffy+(fs+fmdx==0 8))

Comem\g it with (2) we have
\"1.‘5+69)¢P (a4epidg=0

d d
'..\f'.:pr a+€:p = b+gcg
:\: Yot {atep)=4 (bieq) by integration. 133
Combining (V) with do—pdg+qdy
we have
ax+by+cz=8. {4}

| S, from (3} and (4)
udep=(b+tcq) ¢ (ax+bydcy )



\VBe

Devoting ¢ {az+by-+c3) by ¢ asd applying Lagrange's
nle we have

Tz Ay &
& —c¢ —a-be

_adzlbdy+tcds
B . 0 . tﬁ\.

7. wd@48dy+odz=0, axd-by+cr=C A2

« \J/
- Hence from the first of these equiations. A\
¥+4 (0) 2=C'=y () say K¢
Hence \¥;

g +2$ (az-+byte)=y (ax+by-+ch)
¥ the final integral of our dlﬁ'erenhal E(}uatmn

‘,o

Work for two days Xvi
W (iby
Solve the equations by Ménge s mothod “UlPTary-org.in

I = r+2:=w-t»y‘€£
2 ’r—2p§s\¥p’t~
i 3 a:‘r—g”t-0
4 5;-\"t+2aé(p+aq)~—-0
’g’ W2 4ali=0
~3,\ s
i"\;' >
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33. lntegraticn of the differeatial equation

Br s+ it Uirt—s*) =V .
where the capital letters denpte function of & \J)
} x ¥ 2 D q (.,’}(‘ .
Form the equation in } . \:
A (BT4OV)4AUS+U%=0 ... 3001
_ NY;
Let 2, and A, be the two va]@s’\of 2 satifying  thi
equation o NNV A

We may obtain two intggvb.lé' #y==g,, v3=5b, of th
.equa\mgﬁdbraulibl'ary.org.m::":
Udy+n, ldz+2 Pdp=0 7
Udz-+1y ngjém, Udg=0
or we mayobtain two integrals

Ho==dg ¥, =by of the equation
N\
HFdy+nTde+aUdp=0 7
" \W .

i~ . b enn(3)
AN OdednBly4n,Odg=0

A »* We thus obtain two intermediate integrals wy;=f, (v;) a
\“sg=f, (vy) and substituting in dz=pds4gdy the values of
snd g found from the two intermediate integrala and inte
rating we get the complete intezral of our differential equati

34. limaynot be possible to obtain from the ¥
jntermedinle integrals the values of p and g suitable
insertion in

dz==pdg--qdy
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and in that case we may take ove of the -intermedisté
integrals uy=f, (v)) and wyz=a, .
where wy=n one of the integrals involved in the second

intermediate integral.

_ The values of p end ¢ derived f{rom these will render the:
equation dz=pdz+gly integrable and thus we shall be\ai)}e
fo get the fival integral,
35, Incase the two rocts ofiba'equat@ii’ in A are
equal we get only ope intermediate integral ‘
we=f (o) N
which togsther with one of the firsg fﬁhgmla say vy=5b will
give the values of pand ¢ suitable fordnsertion in’~
dz=pdz+gdy -
pez+aiy T www dblauhbraly org.in
which after integration gwes the finel integral,
Example ], Integmh the equation
ar+ bs +N\¥e{rt—-.§"}_—k
Il " Here R-—-o ﬁ‘:b T =g, Uz=e, T/'——JE

il

The equauqn in ?\ is
BT UD) 4N (U400
or ’A“ (2e-teh) 4 nbede®=0, ., ... {t}
"\Pimmg 1==—-$; o s e 3
H) .bpcomes.
&b,
— {acteh}— E—---{-e- =0

or M —Bm 4 (e o)== b .,.. N o
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shidiation whioch detéfmines m »nd henoe by (2}, A
Tt the roots of"ﬂ (3) be m, and ‘m,

"The first systerh ;ﬂ integrala ia given by
Udy+n,Tdz+2,Udp=0

- Udzdng Bly+ny Udg=0 O\
or '\'\ .
é & ("}g

¢ e . R 3
‘d3+(_;;*;_)ady+( ?}‘—;)edu——x‘?\\:
or N Q°
cdatedp—my dy=0  \J

~

ﬂdy-}-saq——-mad.c-—{) ,}:"
wivw.dbraulibrary orgin™
So that one mtermedla.tg integral is

cx+ep—-m1y~=gli’ {2y +eq—myx) e 10y e {4)
The second s}q\am of integrals is given by equatia
which differ {fom the above equations in baving m, in pls
of m; and mj-in place of m,
72N
¢iice the second intermediste integral is
o O (cotep—may)=9 (ay+eg—my2)
K “yAs it is Dot possible to determine in practice the values <«
) “and ¢ in terms of z and ¥ from the ‘two intermediate integra
we eombine any perticular integral of the second syetem -
ez ep—my=A with (4) which is the general integral of |
firat syaﬁem
Fhus we have

{my—m,)) y+ d=F (ay+ eg—m,x)
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: or
ay 4-eq=mgt+y {(Mg—m;) y+ A}

where  is Inverse function of F and therefore as much

arbitrary. A
From this g is determinable and also p from O
cxtep—my=4. o\
Bubstituting these values in pdx+ng=dzf y{’iim
edz et A —ca+ mny)dz R4
H[—ay +mx+¥ {(ma—m1)9+‘d}]\dy 4
e\

the integral of which is

&

%
s+ G+ +mxy+Aa=+G {im—ms) y+ A} 4.

where O {I}= -'W G &1
m,-oml) www.dbraulibrar y org.in

€

s

@ being arbitzary. \smce qb is arbitrary.
Thus the comg\éhé integral of our differential equ&tmn ha.s

been cbtainedy (

P
\
.

S M Work for the mext day XVIII

w4

\1 Solve S#—rt=a'
o 2, Solve gr4{p+jstyt=—aq+y {a—ri)
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35, Example. Solve ; —

7 (14+9%)r—2pgzs+o(1 + p% ¢ = —rt) 1 Fp g =0
Here O
R=z(1+¢, S=—12pgz, T=314p% ;:;;}\ )
U=, V(14 ) A

The equation in A is "’:f}\\
(RT+ UV N+ A0S+ =0 7\
Or ‘J",\v
PPN 20pat A0
Or ‘:':‘a
({}3 by ﬁéjill)l_reg ¥, orfgrﬁ

Q
80 that the two values ?Px are identioal each being 7

ry
The two svstema‘ integrals redace to one only namely .
that given by
Udy-f‘ﬁ@dx-}-'?\Udp =}
Umxf?dy-!-)\qucO
”\'.‘v Or by
"\ l

9 z‘dy+--— £ (1459 r]z+~z“dp——-(}‘

2dr 4 2 11 5 dy g = 2 dog=
_ o (Lg% y+pqz dg=@

. Or by
POy +( dpdat adp=@ .. .. o (iy

N\
<



]

(71 )
Pedx+(l 4oty dalgp... . . cee con e o {2

From (1) we have with the help of
dz:pfr--f—gdy

&\
dx+p!z+z-lpﬂ «
AN
OT BP0y N\
Yrom (2) we havs similarly A
/ ‘~‘
ytgz=B... .. ... .. .. .. (-‘[},
Thus Fa:-}-pz, #4921=0 is the mtermed}&té mtenra,l
We have ’\\',
zdz:pz'ix-}-gzdy \x\
=(A—x)dx+(B~y)dy from‘:(Sj and (4)
bence ' o\

(z—4 iy~ By 4 H=0r N dbraulibrary org.in
i the complete integral of aur d:&'erentlai equation, 4, B ¢
being arbitrary Lonatant(

&
\l{qrﬁ for the mext day XVIN
30].?6 **\
1. \{a%ypf-bwy(s ~-ri) =pq
3\. (14-¢°) r—2pgat-(l+p°) ¢
8

- 3
G (R SV BRI

Printed at the Popular Printing Press, Meerus,
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1. Define P, and show that ' O
C o dPa APy . O
‘ 1} d."ﬂ ‘——dﬁ: i X \"}
: ) ,\\"
. A'\'\,"
i) [ Pu(a) Py tz)=0 A

b

where m and u are different posit.ive;k?t_e‘gers and that

o7
"

. 2 ’.,’:;a
P2, (2) de=
"f . 2’@ ']‘vaw dbraulibrary.org.in

2. Define J, () agd\é‘now that
(O

Jn—1+Jn~kF —n Jy '

B

Rrove tha{, vhen # i8 & positive integer J, {z)is the co-
"\\
efﬁcleni:%f %0 in the expansgion of e 2~ ;- (2=3)

in aaéendmg and descending powers of # and can be
{}resaed as

"

Ty (@)= J' 008 (nf— ¥ 5in. )49
0



( 74 ) !_

3. Define a linear partial diffierential equaiion and

explain Lagrange's Method of solving it

(i} Solve (t+y+z)— - +{£+x+z) N +(£J—5-{—y)

$x+ﬂ;‘*‘€'
A
N\

3
02 43 Ck: +"B. =ty

(@) Solve g +3, "+ A

4. Explain Monge's method of integration'eg\ﬁi“e equation
Br4-Ss+Ti=V N
Apply this method to integrate gt the> equation
' ar+ba+ct+e(r$——~52]—~h :‘i":

Where g, b, ¢, eand & azre ‘tonstants.

www.dbraulibrary.org. lJ.'l N

‘——-—-_—
e 3

S
1. {a) Dgﬁp:g P, and show that
OuPy=(28—1)2 Py —(n—11Pp 2

;{{}}\Prove that

O : —-l;f {a:;t(x‘—l)%cosa}ﬂdﬂ

n being a positive integer throughout.

2. (n) Solve the equatian

' dx‘ +? dx +g—0
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